Using the S 3 -symmetry of Sierpinski fractal resistor networks we determine the current distribution as well as the multifractals spectrum of moments of current distribution by using the real space renormalization group technique based on ([q/4] + 1) independent Schure's invariant polynomials of inwards flowing currents.
INTRODUCTION
The study of infinite sets of exponents which originated in the field of turbulence [1] , has recently become the focus of attention in a number of fields involving fractals or scaling objects [2, 3] , ranging from random resistor networks [4, 5, 6] , dynamical systems, diffusion limited aggregates (DLA) [7] , to localization. What is common to all of these different fields is that, one wants to characterize the properties of a "weight" or "measure" associated to different parts of a fractal object. Modelization of electrical transport properties for inhomogeneous and composite materials by random resistor networks have been the subject of many recent works, Also other physical phenomena such as diffusion problems can be formulated in terms of electrical problem. Distribution of currents (or voltage drops) on a percolating structure in the scaling region are multifractals, in the sense that different moments scale with different exponents, that is, if we consider a system of length L, then the q-moment of the current distribution : has recently become focus of attention in a number different fields such as diffusion limited aggregation, dynamical system and random resistor networks as mentioned above. Here in this paper we study the multifractals structure of current distribution on Sierpinsky fractal, since as Kirkpatric had suggested, the so called back-bone of the percolating random resistor networks could be modeled by a fractal structure and among the fractal objects, the nsimplex one is simplest to study the various physical problems from random walk [8, 9, 10, 11] to electrical one on it [5, 6, 12, 13] .
Here by using the S 3 -symmetry of Sierpinski fractal resistor networks (see Fig. 1 ) together with the minimization of the electrical power, we have been able to determine the current distribution in Sierpinsky fractals with decimation numbers b = 2, 3, 4, and 5. Then, using the independent Shure's S 3 invariant polynomials, which is proved that the required number of independent Shure's S 3 -invariant polynomials of degree q is [q/4] + 1, with [ ] indicating the greatest integer parts, we have derived the results of reference [5] for b = 2 up to q = 12
and we have calculated D q up to q = 22 for b = 2, 3, 4 and 5. The organization of the article is as follows:
In section 2, we give a brief description of Sierpinski fractals, then in section 3, using the S 3 -symmetry of Sierpinsky fractal resistor networks and minimization of electrical power we have determined the inward flowing current of subfractals. In section 4 we talk about the independent Shure,s S 3 -symmetry invariant polynomials of input currents. Section 5 is about the moments current distributions and their multifractals spectrum where it contains the main results of this paper. The paper ends with a brief conclusion and 5 appendices.
Sierpinski Fractal
To obtain Sierpinski fractal with decimation number b, we choose a triangle and divide its sides into b parts and then draw all possible lines through the dividend points parallel to the side of the triangle. Next, having omitted every other inner triangle, we repeat this for the remaining triangles or for the subfractals of the next higher order. This way Sierpinski fractals are constructed. To calculate the fractal dimension, we label subfractals of order (l + 1) in terms of partition of (b − 1) into 3 positive integers λ 1 , λ 2 and λ 3 . Each partition represents a subfractal of order l and λ shows the distance of the corresponding subfractal from the sides of triangle. As an illustrating example, we show in Figure 2 the method of labeling a Sierpinski fractal with decimation number b = 3. Obviously, the number of all possible partitions is equal to the distribution of (b − 1) objects among three boxes, which is the same as the Bose-Einstein distribution of (b − 1) identical bosons in 3 quantum states.
This is equal to
According to the following definition, the fractal dimension d F of a self-similar object is
with N as the number of similar objects, up to translation and rotation. For self-similar fractals, N is equal to the number of subfractals. Therefore, we have N = C l and r = b −l .
Determination of inward flowing current of subfractals
We denote the j-th inward flowing current of subfractal which corresponds to the partition λ 1 , λ 2 and λ 3 by I λ 1 ,λ 2 ,λ 3 (λ 1 + δ 1,j , λ 2 + δ 2,j , λ 3 + δ 3,j ). Therefore, I 1 , I 2 and I 3 can be denoted In order to determine the inward flowing currents in terms of I j , j = 1, 2 and 3, besides using Kirchhoff's law at each node, we have to minimize the power of Sierpinski fractal, that is we minimize the following expression:
over possible partitions
over all nodes
where µ λ 1 ,λ 2 ,λ 3 and ν eta 1 ,eta 2 ,η 3 are Lagrange multipliers which are considered because of Kirchhoff,s law on each subfractal, and also each node, respectively. By minimizing the energy given by expression (1-2), we get the following equations for the inner flowing currents:
together with the Kirchhoff's law for each subfractal and each vertex, respectively:
Now, using the S 3 -permutation symmetry of Sierpinski fractal we propose the following ansatz for the Lagrange multipliers:
where a 0 is assumed to be zero. Substituting the ansatz (3) (4) (5) and (3) (4) (5) (6) in equation , then the inward flowing currents can be given in terms of a's and b,s , respectively.
Actually one could write the currents in terms of input ones as in (3) (4) (5) (6) (7) simply by using the symmetry of simplex fracal where the minimization of power is not required. Finally the a's and b's themselves can be determined through the equations (3-3) and (3-4). Here we determine the currents for b=2,3,4 and 5, respectively. First for b=2 we have
Using equation (3-4) we obtain:
and using equation (3-4) we get:
Solving the above equations we get the following result:
Similarly for b=3 we have
Using equation in subfractal (2δ 1,j , 2δ 2,j , 2δ 3,j ), we get
Also using equation (3) (4) in the vertices we have
After solving the above equations we get the following result for the currents for b=3
3.2
Inner inward flowing currents corresponding to b = 5: 
where λ 1 , λ 2 , λ 3 are partitions of m into 3 non-negative integers, that is:
Because of the following equation due to Kirchhoff's law:
all Schure's polynomials of degree m, corresponding to all possible partitions of m, are not independent. In calculation of the multifractals critical exponents D q , we must use the independent ones. By multiplying both sides of (4-2) by S λ 1 ,λ 2 ,λ 3 , we get
where (µ 1 , µ 2 , µ 3 ) and (λ 1 , λ 2 , λ 3 ) correspond to partition of m-1 and m respectively. From the formula (2-10) it follows that there are P 3 (m+1) constraint over P 3 (m) shure polynomials of degree m, where p 3 (m) takes all possible partitions of m into 3 non-negative integers.
Therefore, the number of invariant polynomials of degree m is:
For example for m = 2 we have
therefore, using the above equation we can write S 1,1 in terms of S 2 as:
Thus we have only one invariant polynomial for q = 2. Also in the case of q = 4 we have
hence there is only one independent polynomial such as S 4 and the others can be written in terms of S 4 as follows:
For q = 6 we have:
Therefore, there are only two independent invariant polynomials such as S 6 , S 3,3 and the other dependent one can be written in terms of them as follows:
In Appendix III, we have proved that the number of independent Schure's invariant polynomials of degree q is equal to:
where [ ] means the greatest integer part.
Below we give some of the constraints over Schure's invariant polynomials of degrees q = 8
and 10 which are occurring through imposing the Kirschhof's law over Schure's polynomials of order eight:
where, S 8 and S 4,2,2 are considered as the invariant polynomials and other dependent invariant can be expressed in terms of them as follows:
Constrains over Schure's polynomials of order ten are:
where S 10 and S 4,4,2 are considered as the invariant polynomials and other dependent invariants can be expressed in terms of them as follows:
In Appendix IV we use the constraints concerned with the invariant polynomials of order up to 22 to express the dependent invariant polynomials in terms of the independent ones.
Moments of Current Distribution and Multifractal Spectrum
In order to study the multifractals behaviour of current distribution we consider their qmoments defined as:
where I r is the current in the r-th bond of subfractals of generation level n. From the S 3 symmetry of Sierpinsky fractal, it is clear that the q-moments depend only on the independent Schure's S 3 invariant polynomials of degree q of input currents defined in section IV, that is M q (n + 1) = partitions corresponding to independent polynomials
where A λ 1 ,λ 2 ,λ 3 ,s are some constants.
On the other hand, M q (n + 1) can be written in terms of the invariant polynomials of their level n subfractals, that is M q (n + 1) = partitions corresponding to invariant polynomials
By comparing the expressions (5-1) and (5-2) we obtain the recursion relations between
. Then the scaling factor is defined as:
Obviously λ(q) is the maximum eigenvalue of the matrix connecting A(n) and A(n+1).
Then D(q), the multifractals scaling exponents, are defined as:
since the M q (n) scale as:
Now, as an example, we obtain D 2 , the power scaling exponent of Sierpinsky fractal with decimation numbers b = 2, 3, 4, 4 and 5.
According to formula (4-4) for q = 2 we have only one independent invariant polynomial, where we can consider S 2 as the independent invariant polynomial. Therefore the total power is proportional to S 2 , that is:
It is straightforward to show that:
Therefore, we have:
In case of D(4),we have to consider the S 4 ,S 3,1 ,S 2,2 ,S 2,1,1 , and due to relations (4-5) only one of them, say S 4 , is independent and the others can be written in terms of it. Again by computing the fourth moments of currents of fractals which are proportional to S 4 :
one can easily show that: With the above explained prescription, we can calculate the higher moments and consequently higher multifractals exponents, where we quote only the multifractals exponents below in the remaining part of this section and give the other information such as the recursion relations in appendix V: Using the above results, the best fit we can get for various multifractals exponents are:
where the first formula is the same as the formula of reference [5] . The above formulas show the scaling behaviour of the multifractals spectra.
Appendix I: Calculation of currents of b = 4.
Here in this Appendix we give the detail of the calculation of inner inward flowing currents corresponding to decimation number b=4. Following the procedure of section III, for b=4
we have:
Now, imposing Kirchhoff's law on subfractals and on vertices, we get the following equations for a and b By solving the above equations we can determine inner inward flowing currents corresponding to decimation number b=4 which is given in subsection 3.1.
Appendix II: Calculation of currents of b=5.
Here in this Appendix we give the detail of the calculation of inner inward flowing currents corresponding to decimation number b=5. Following the procedure of section III, for b=5
Again imposing Kirchhoff's law on subfractals and on vertices, we get the following equations for a and b: By solving the above equations we can determine inner inward flowing currents corresponding to decimation number b=5 which is given in subsection 3.2.
Appendix III: Proof of the formula (4-6):
Here we give the proof of the formula (4-6). The number of independent Shure's invariant polynomials of degree 2k of 3 variables I 1 ,I 2 ,I 3 with the constraint:
is equal to
where P 3 (m) is the number of partition of m into at most three independent non-negative integers. If we define M k (n),the number of partitions of n into exactly k non-negative integers, then we have
and
If we denote the partition of 2k, 2k − 1 and 2k + 1 into two non-negative integers respectively by: (l 1 , l 2 ), (m 1 , m 2 ) and (n 1 , n 2 ) then in the case of l 2 = m 2 = n 2 we will have
Therefore, for all values of l 1 > k, there is a one to one correspondence between the M 2 (2k),M 2 (2k − 1) and M 2 (2k + 1). Only for l 1 = k, n 1 can be equal to k + 1, but m 1 cannot be equal to k − 1, thereof the relations (III-4) and (III-5) follows. Now, we are ready to prove that
If we denote the partition of 2k and 2k − 1 into three non-negative integers by (l 1 , l 2 , l 3 ) and 
1) Solution of Constraints of degree 12:
The invariant polynomials S 12 , S 8,2,2 and S 6,3,3 are considered to be independent and the other dependent invariant polynomials can be written in terms of them as follows: 
2) Solution of Constraints of degree 14:
The invariant polynomials S 14 , S 6,6,2 and S 5,5,4 are considered to be independent one and the other dependent invariant polynomials can be written in terms of them as follows: 3) Solution of Constraints of degree 16: The invariant polynomials S 16 , S 7,7,2 , S 6,6,4 are considered to be independent and the other dependent invariant polynomials can be written in terms of them as follows: 
4) Solution of Constraints of degree 18:
The invariant polynomials S 18 , S 14,2,2 , S 7,7,4 , S 8,5,5 are considered to be independent and the other dependent invariant polynomials can be written in terms of them as follows: 2 .
6) Solution of Constraints of degree 22:
The invariant polynomials S 22 , S 18,2,2 , S 9,9,4 and S 8, 8, 6 are considered to be independent and the other dependent invariant polynomials can be written in terms of them as follows: APPENDIX IV:the recursion relation and λ max for q ≥ 6 a)b=2 q=6
.1481481481 .1851851852
.02987349489 .1486053955
.05378583888 .1908753747 −.1417805551
.007315957933 .07681755830 −.04709647920
.01048470103 −.09541040304 .5668362057
−.006679533152 −.1334905160 1.056414123
.001475234316 −.03567658498 .2661499583 
A 16,2,2(n+1) 
A 18,2,2(n+1)
A 9,9,4(n+1) 
A 18,2,2(n)
A 9,9,4(n)
.1808430161 .04755671531 
.06022405661 .05660671065 −.04390015579
.01079114607 .01664662055 −.01252511118
.008633787717 −.02491545222 .1279091010
−.002716116832 −.009331353906 .04723947173 
A 18,2,2(n) A 9,9,4(n) .03495279823 .007384841623
.06394351082 .009657753638 −.007508055989
.01147176558 .004507477340 −.003470225654
A 6,6,2(n+1)
.008215782561 −.006916822481 .03482160520
−.004013610557 −.008712843003 .06128427304
.002158295483 −.002024493055 .01421013434 
